soon received from him a statement of the results of theory for oil of cassia, in which the discrepancies were almost wholly removed. , I have since verified that calculation, and have performed similar computations for the only other cases in which material differences before appeared.
The object of the present communication is to state these results, with the necessary data of the calculations ; and further, to elucidate the general method, so as to render it more readily applicable to other cases which may arise in the further prosecution of the determination of refractive indices; and to notice the present condition in which the theory may be considered to stand with respect to this material portion of its experimental evidence.
Explanation of the Formula.
The formula adopted in my preceding papers includes essentially the development of the term sin (t ) This of course gives a series involving the even powers of X with certain coefficients. And the practical differences in the methods of calculation turn entirely on the number of terms to which it may be thought necessary to pursue this series, or the mode of finding or eliminating the coefficients.
As it does not enter into my present design to refer to the physical principles of the theory, I will merely here observe, that though such principles have been assumed under some difference of aspect by the several eminent mathematicians who have treated the subject, yet the formulas deduced for the dispersion have, in every in stance, resulted the same as far as the form of the series is concerned, differing only in regard to the nature of the summation and the coefficients involved.
As it is in regard to the numerical comparison with experiment that I am at pre sent engaged in considering the subject, I have been chiefly interested in comparing these methods so far as to see whether, when one might fail in giving sufficiently close coincidences, another might cause the discrepancies to diminish or disappear.
In this view then, referring to Mr. K elland's method, it may be necessary for its better elucidation to state it generally as follows. Supposing it sufficient to take three terms of the series, the relation of the refractive index to the wave-length in the medium (X ) may be expressed thus:
Our comparison, however, is to be made with the wave-length in air or vacuum, which, in order to express that in the medium, must be reduced in the ratio of the refraction for the medium and for the ray, (which is not expressed in the author's formulas,) or, X being the wave-length in air, we must take and similarly expressing by e, s, g2; h , q , q2; the corresponding E and H, we shall have {b -e) = (g -/3) q -(g2 -/3*) /, (eh) = ( n whence we obtain,
Knowing the values of X from the determinations of F raunhofer, it becomes easy in the above formula to introduce the values of taking the indices as given by observation for the particular medium : we, thus, first determine the constants q and 1 for the medium, and having done this, by the aid of these combined again with the indices given by observation a value of p is deduced for each ray by the formula, and if these values of p for the different rays result , the theory is verified. Mr. K elland has thus verified it to a degree of accuracy, which will probably be deemed sufficient, for all the indices determined by F raunhofer.
The following In order to simplify the numerical calculations, it is found convenient to regard the two last terms of the formula as involving factors which are respectively some power of ten in the numerators, to the same amount as the number of places which would be found in the values of A2 and X4 in the denominators.
In applying the theory to the cases of particular media, we have to combine the values in the above Table with those of the indices obtained from observation. These I have taken from my own approximate determinations, as originally given in a sepa rate memoir, and quoted in my last paper in the Philosophical Transactions, 1837, Part I.
In the following cases therefore the logarithms of A2 are taken as above, and after deriving those of ( y ) and of a common index 4 is added: from these we ob tain in the first instance the values of q and , and thence again those of for each ray. I have not, in the present instance, thought it necessary to go through these some what laborious calculations for more than those three cases which in my former in vestigations appeared to present the greatest discrepancies with theory, viz. the oil of cassia, which gave the greatest discordances; and the two sets of observations on sulphuret of carbon at the respective temperatures of 12° and 22° centigrade. Observations on the above Results.
Comparison of observed refractive indices with the results
In the case of oil of cassia the accordance in the values of appears sufficiently close: especially considering that the experimental data can only be regarded as ap proximations, as fully appears from my paper on the determination of the indices. The only material discrepancy is in the ray G ; and it is this ray for which Mr. K elland himself has always found theory in excess in the calculation of F raunhofer's indices, and has made some remarks on the point in his memoir. Upon the whole, considering this as the extreme case as yet known and examined, the superiority of Mr. K elland's method will be sufficiently manifest; and it will be allowed that this extreme case has been thus brought as far at least within the limits of accordance as we can perhaps reasonably expect in the present state of our means of investigation.
The case of sulphuret of carbon at the temperature of 12° is also brought into very satisfactory agreement with theory by the present method.
The other case of the same substance at the temperature of 22° still exhibits some discordance. The ray G is here again in excess; but the differences follow no re gular order, being sometimes in excess, sometimes in defect. This at least shows that although the series is not rapidly convergent, in this case the addition of another term would not remove the discordance.
With regard to the error which is always found so marked in the ray G, Mr. K e lland in a letter to me, observed that in that ray it would seem reasonable to enter tain some suspicion as to the experimental data. Now there is one circumstance which may corroborate such suspicion. The determinations of the values of as is well known, were made from the interference-spectrum, in which the blue end, with its dark lines, is most contracted. In the refraction-spectra, (and more so in the more dispersed,) it is the most e x p a n d e d: and the dark bands which in the lower appear single, in the higher are resolved into several lines, in some instances sepa rated by very sensible intervals: and this difference must be still more marked in comparing the highly dispersed spectra with that of interference. The ray G, in par ticular, is thus resolved into an assemblage of small lines. Thus some uncertainty may be fairly admitted to exist in the d a ta ; at any rate enough to render further examination desirable before we can pronounce on the insufficiency of the theory.
General Remarks on the Formula.
If the accordances be allowed to come sufficiently within the limits of error, it may not be improper to add a remark with respect to the entire nature of the formula, and the light in which, (in its present state,) the theory of dispersion must be re garded.
The relation here expressed between the index and the wave-length involves three constants dependent on the medium ; which must be in some way derived from ex perimental d ata: and which are here directly deduced by assuming some three, at least, of the observed refractive indices for the medium.
The whole process then seems equivalent to assuming these three indices, and then interpolating the intermediate values. This, though under a different form, is also palpably the case with the method adopted in my former paper.
Now it maybe contended that this actually carries us but a very little way towards a real or satisfactory explanation, and that a complete theory ought to assign also an independent relation between the constants.
The consideration of this point has been included in the valuable researches lately made by Professor L loyd of Dublin, given in a paper read before the Royal Irish Academy, and noticed in the reports of that body, (Nos. 2 and 3.). But I have been informed by the author that, in pursuing that research, he has found theory, as yet, incapable of furnishing the relation in question.
It seems, therefore, that in the present state of our knowledge we must be con tent to regard the constants of the formula as unexplained by theory. But the pro cess by which we here obtain them, (viz. by assuming three indices from observation,) may be viewed as simply auxiliary. The main calculation may be regarded as in dependent, and considered to involve two of these constants only as //They had been adopted empirically; whence we proceed to verify the formula by the coincidences of the values of the third, viz. p. But even with this deficiency, it seems to me not an unimportant step to be able, with two empirical constants, dependent on the medium, but independent of the ray, to assign a third quantity, which expresses for each ray a relation between the wave-length and the refractive index, with so near an approximation to the truth, even in the most extreme case as yet known.
